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ABSTRACT
We calculate axisymmetric spheroidal modes of neutron stars magnetized with an
axisymmetric poloidal magnetic field. We use polytropes of the indices n ∼ 1 as back-
ground equilibrium models of neutron stars where we ignore the deformation due to
the magnetic fields. For a poloidal magnetic field, axisymmetric normal modes of non-
rotating stars are decoupled into spheroidal modes and toroidal modes, and we can
treat spheroidal modes separately from toroidal modes. For the surface field strength
BS ranging from 10
14G to 1016G, we calculate axisymmetric spheroidal magnetic
modes whose oscillation frequency is proportional to BS . The typical oscillation fre-
quency of the magnetic modes is ∼ 0.01×
√
GM/R3 for BS ∼ 10
15G, where M and
R are respectively the mass and radius of the star and G is the gravitational con-
stant. For M = 1.4M⊙ and R = 10
6cm, this frequency is ∼ 20Hz, which may explain
low frequency QPOs found for SGR 1806-204 and SGR 1900+14. We also find modes
of frequency >
∼
√
GM/R3 corresponding to the radial fundamental and first harmonic
modes. No unstable magnetic modes are found for axisymmetric spheroidal oscillations
of magnetized stars.
1 INTRODUCTION
Since the discovery of quasi-periodic-oscillations (QPOs) in the tail of the giant X/γ-ray flares of SGR 1806-204 (Israel
et al 2005) and SGR 1900+14 (e.g., Strohmayer & Watts 2005, 2006, Watts & Strohmayer 2006), oscillations of strongly
magnetized neutron stars, i.e., magnetars (e.g., Woods & Thompson 2006; Mereghetti 2008) have gained much attention in
the astrophysics community. Because of the suggestion by Duncan (1998), before the discovery of the magnetar QPOs, that
crustal torsional oscillations of neutron stars are most easily excited by seismic events, theoretical studies for the QPOs were
first focused on torsional oscillations of the solid crust of neutron stars possessing strong magnetic fields and, later on, on
global toroidal oscillations of magnetized neutron stars, whose frequencies are proportional to the strength of the magnetic
fields. We may call global modes of strongly magnetized stars Alfve´n modes or magnetic modes when the oscillation frequency
is proportional to the field strength. The frequency ranges of the crustal modes and the Alfve´n modes are found consistent to
the observed QPO frequencies (e.g., Watts 2011).
Using a toy model for global oscillations of magnetized neutron stars, Levin (2006, 2007) suggested that torsional modes
in the solid crust will be strongly damped by frequency resonance with Alfve´n continuum in the fluid core. Motivated by
Levin’s suggestions, many authors carried out MHD calculations that simulate time evolution of small amplitude axisymmetric
toroidal perturbations to investigate the modal properties of magnetars (e.g., Sotani et al. 2008; Cerda´-Dura´n et al. 2009;
Colaiuda & Kokkotas 2011; Gabler et al. 2011, 2012). For example, Gabler et al (2011, 2012) showed that because of resonant
damping with Alfve´n continuum in the core the damping timescales of crustal torsional modes are too short to be consistent
with the observed QPOs, and suggested that Alfve´n modes, instead of crustal modes, could be responsible for the QPOs if
the magnetic fields are stronger than ∼ 1015G at the surface since the damping timescales of Alfve´n modes are much longer
than that of the crustal torsional modes that suffer resonant damping with Alfve´n continuum. Sotani & Kokkotas (2009), on
the other hand, computed axisymmetric spheroidal oscillations of stars magnetized with a poloidal field, and they obtained
Alfve´n modes of low frequency as well as acoustic oscillations of high frequency. They also suggested that Alfve´n continuum
in the core is irrelevant to the modal properties.
These early studies of oscillations of magnetars are mainly concerned with axisymmetric toroidal modes of the stars,
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and pure toroidal modes do not produce any pressure and density perturbations. For axisymmetric oscillations of magnetized
stars, spheroidal and toroidal components of the perturbed velocity fields are decoupled and can be treated separately for a
purely poloidal or toroidal magnetic field configuration if the effects of rotation are neglected. This property remains true even
for general relativistic treatment. In other words, for non-axisymmetric oscillations of magnetized stars the spheroidal and
toroidal velocity components are coupled even if we assume a pure poloidal or toroidal magnetic field and ignore the effects
of rotation.
Lander et al. (2010), Passamonti & Lander (2013) discussed, using MHD simulations, such non-axisymmetric oscillation
modes of magnetized stars assuming a purely toroidal magnetic field. For rotating magnetized stars, the modal property will
be more complicated because spheroidal (polar) and toroidal (axial) components of the perturbed velocity fields are coupled
and rotational modes such as inertial modes and r-modes come in. Lander & Jones (2011) calculated non-axisymmetric
oscillations of magnetized rotating stars for a purely poloidal magnetic field. They obtained polar-led Alfve´n modes which
reduce to inertial modes in the limit ofM/T → 0, whereM and T are magnetic and rotation energies of the star. Lander &
Jones (2011) also suggested that the axial-led Alfve´n modes could be unstable.
For mixed poloidal and toroidal magnetic field configurations, coupled spheroidal and toroidal velocity fields have to be
considered to describe global oscillations of magnetized stars even for axisymmetric oscillations. Colaiuda & Kokkotas (2012)
calculated axisymmetric toroidal oscillations of neutron stars adding a toroidal magnetic field to a poloidal one. They found
that the oscillation spectra of toroidal modes are significantly modified, losing their continuum character, by introducing a
toroidal field component and that the crustal torsional modes now become long-living oscillations. This finding may be similar
to the finding by van Hoven & Levin (2011, 2012) who suggested the existence of discrete modes in the gaps between frequency
continua, using a spectral method. Using MHD simulations, Gabler et al. (2013) discussed axisymmetric toroidal modes of
magnetized stars assuming various magnetic field configurations. It is interesting to note that Gabler et al. (2013) found no
long-lived discrete crustal modes in the gap between Alfve´n continua in the core, that is, their numerical results do not fully
confirm those by Colaiuda & Kokkotas (2012) and by van Hoven & Levin (2011, 2012).
Normal mode analysis is another method employed to study small amplitude oscillations of magnetized stars, where the
time dependence of oscillation is given by the factor eiωt and we determine the oscillation frequency ω as an eigenfrequency of
a system of linear differential equations that govern the oscillations. Assuming a force-free dipole magnetic field, Lee (2007)
computed axisymmetric normal modes of a neutron star. Lee (2008) and Asai & Lee (2014) calculated axisymmetric toroidal
modes of magnetized neutron stars for poloidal magnetic fields, employing Newtonian gravity in the former and general
relativity in the latter, while Asai, Lee, & Yoshida (2016) calculated non-axisymmetric magnetic modes for a poloidal
magnetic field and obtained both stable and unstable magnetic modes. Assuming a toroidal magnetic field, on the other
hand, Asai, Lee, & Yoshida (2015) computed non-axisymmetric oscillation modes of rotating stars, taking account of the
equilibrium deformation caused by the toroidal magnetic field. They obtained g-, f -, p-modes for non-rotating stars and
r-modes and inertial modes for rotating stars. It is important to note that the numerical results obtained by the normal
mode analyses are not necessarily consistent with those obtained by numerical MHD simulations. The frequency ranges of
magnetic modes obtained by normal mode calculations and MHD simulations are similar between the two methods of analysis.
However, although Lee (2008) and Asai & Lee (2014) obtained discrete toroidal magnetic normal modes of neutron stars for
a poloidal magnetic field, MHD simulations for axisymmetric toroidal oscillations do not necessarily support the existence of
such discrete magnetic normal modes. The reason for the discrepancy, however, is not necessarily well understood.
We may employ normal mode analysis to investigate the stability of magnetized stars, but its application to general field
configurations is extremely difficult to formulate. In this respect the stability analysis based on variational principle will be
more flexible and tractable. See Herbric & Kokkotas (2017) and Akgu¨n et al (2013) for recent studies, and see also Tayler
(1973), Markey & Tayler (1973, 1974) for classical works.
In this paper, we revisit the problem of axisymmetric spheroidal normal modes of magnetized stars for a poloidal magnetic
field. Although we employ Newtonian gravity, this paper may be regarded as a normal mode analysis version of Sotani
& Kokkotas (2009), who carried out numerical MHD simulations for small amplitude perturbations in general relativistic
framework. §2 is for method of solution and §3 is for numerical results. We conclude in §4.
2 METHOD OF SOLUTION
2.1 Equilibrium State
For a static magnetic field, we assume an axisymmetric poloidal field given in spherical polar coordinates (r, θ, φ) by
Br = 2f(r) cos θ, Bθ = −1
r
dr2f(r)
dr
sin θ, Bφ = 0, (1)
for which ∇ · B = 0. If we assume that the electric current is toroidal and is given by Jφ = cjφr sin θeφ with c being the
velocity of light, the Ampere law given by ∇×B = 4piJφ/c leads to
c© 2017 RAS, MNRAS 000, 000–000
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Figure 1. Functions f (solid line) and df/dr (dashed line) versus x = r/R for polytropes of the indices n = 0.5, 1, and 1.5, from the
left to right panels, where f and df/dr normalized respectively by BS ≡ µb/R
3 and BS/R are shown.
d2f
dr2
+
4
r
df
dr
= −4pijφ, (2)
where we assume that in the vicinity of r = 0 the function f behaves as
f(r) = α0 +O(r
2) (3)
with α0 being a constant. The Lorenz force is then given by
(∇×B)×B = 4pijφ∇
(
r2f sin2 θ
)
, (4)
and the hydrostatic equation reduces to
1
ρ
∇p+∇Φ− jφ
ρ
∇ (r2f sin2 θ) = 0, (5)
where p is the pressure, ρ is the mass density, and Φ is the gravitational potential. This may suggest that a possible choice of
the function jφ is
jφ = c0ρ, (6)
where c0 is a constant. For this choice of jφ the hydrostatic equation simplifies to
1
ρ
∇p+∇ (Φ− c0r2f sin2 θ) = 0, (7)
where the term c0r
2f sin2 θ is responsible for deviation of the equilibrium from spherical symmetry. For simplicity, however,
we ignore the term c0r
2f sin2 θ to construct equilibrium structures so that p, ρ, and Φ depend only on the radial distance r
from the centre. See Asai et al (2016), who took account of the equilibrium deformation caused by toroidal magnetic fields to
calculate various oscillation modes.
The constants c0 and α0 are determined by using surface boundary conditions for the function f . We assume that jφ = 0
outside the star, and hence the exterior solution fex is given by fex = µb/r
3, where µb is the magnetic dipole moment of the
star. The constants c0 and α0 are determined so that the interior solution f and df/dr are matched with the exterior solution
fex and dfex/dr at the surface r = R with R being the radius of the star.
We use polytropes of the indices n = 0.5, 1, and 1.5 as background models for modal analysis in this paper, where no
deformation of the polytropes is considered, and the mass M = 1.4M⊙ and the radius R = 10
6cm are assumed. As the index
n increases, the concentration of the mass density into the central region becomes stronger. Figures 1 and 2 show the functions
f and df/dr versus x = r/R and the internal magnetic field lines on the x-z plane for the polytropes, where f and df/dr
normalized respectively by BS ≡ µb/R3 and BS/R are shown, and the x axis is in the equatorial plane and the z axis is along
the magnetic axis of the star. With increasing n the centre of the closed magnetic field region moves inward and the volume
of the region increases.
2.2 Perturbation Equations
Neglecting equilibrium deformation caused by the poloidal magnetic field and assuming spherical symmetry of the star, we
linearize ideal MHD equations to derive the oscillation equations of magnetized stars, which are
c© 2017 RAS, MNRAS 000, 000–000
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Figure 2. Internal magnetic field lines in the x-z plane for polytropes of the indices n = 0.5, 1, and 1.5.
ρ′ +∇ · (ρξ) = 0, (8)
−ω2ξ + 1
ρ
∇p′ − ρ
′
ρ2
dp
dr
er − 1
4piρ
[(∇×B′)×B + (∇×B)×B′] = 0, (9)
B
′ = ∇× (ξ ×B) , (10)
ρ′
ρ
=
V
Γ1
p′
ρgr
− rAξr
r
, (11)
where ξ is the displacement vector and the prime (′) indicates Euler perturbations, and we have assumed that the time depen-
dence of the perturbations is given by the factor eiωt with ω being the oscillation frequency. The Schwarzschild discriminant
rA may be defined as
rA =
d ln ρ
d ln r
− 1
Γ1
d ln p
d ln r
, (12)
where Γ1 = (∂ ln p/∂ ln ρ)ad. Note that we have applied the Cowling approximation neglecting Φ
′, the Eulerian perturbation
of the gravitational potential, and that the linearized induction equation (10) guarantees ∇ ·B′ = 0. For polytropes of the
index n, the adiabatic exponent for the perturbations are assumed to be given by
1
Γ1
=
n
n+ 1
+ γ, (13)
where γ is a constant, and we have rA = −γ(d ln p/d ln r) ≡ γV . The equilibrium configuration may be called radiative for
γ < 0, isentropic for γ = 0, and convective for γ > 0.
Because of the Lorentz terms in equation (9), separation of variables is not possible to represent the perturbations of
magnetized stars. We therefore employ a series expansion for the perturbations. For the displacement vector ξ, we write for
axisymmetric perturbations of m = 0
ξr
r
=
jmax∑
j
Slj (r)Y
m
lj
(θ, φ)eiωt, (14)
ξθ
r
=
jmax∑
j
Hlj (r)
∂
∂θ
Y mlj (θ, φ)e
iωt, (15)
ξφ
r
= −
jmax∑
j
Tl′
j
(r)
∂
∂θ
Y ml′
j
(θ, φ)eiωt, (16)
and for the perturbed magnetic fields B′
B′r
f
=
jmax∑
j
bSl′
j
(r)Y ml′
j
(θ, φ)eiωt, (17)
B′θ
f
=
jmax∑
j
bHl′
j
(r)
∂
∂θ
Y ml′
j
(θ, φ)eiωt, (18)
c© 2017 RAS, MNRAS 000, 000–000
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B′φ
f
= −
jmax∑
j
bTlj (r)
∂
∂θ
Y mlj (θ, φ)e
iωt, (19)
where lj = 2(j − 1) and l′j = 2j − 1 for even modes and lj = 2j − 1 and l′j = 2(j − 1) for odd modes for j = 1, 2, 3, · · ·. The
pressure perturbation p′lj is given by
p′ =
jmax∑
j
p′lj (r)Y
m
lj
(θ, φ)eiωt. (20)
Substituting the series expansion into the perturbed basic equations (8) to (11), we obtain sets of linear ordinary differ-
ential equations for the expansion coefficients. For the dependent variables defined as
y1 =
(
Slj
)
, y2 =
(
p′lj
ρgr
)
, y3 =
(
Hlj
)
, y4 =
(
bHl′
j
)
, bS =
(
bSl′
j
)
, t =
(
Tl′
j
)
, bT =
(
bTlj
)
, (21)
we obtain for the spheroidal components yi with i = 1, 2, 3, 4
r
dy1
dr
=
(
V
Γ1
− 3
)
y1 −
V
Γ1
y2 + Λ0y3, (22)
r
dy2
dr
=
[(
c1ω¯
2 + rA
)
1− 1
8piV
f2
p
(Q
f
)2 R
f
C0B
−1
0 W0W1
]
y1 −
[
(rA+ U − 1) 1+ 1
2
Q
f
C0B
−1
1 Λ0
]
y2
+
Q
f
(
1
2
c1ω¯
2
C0B
−1
1 Λ0 −
1
4piV
f2
p
R
f
C0B
−1
1 W0B0
)
y3 −
1
4piV
f2
p
R
f
C0y4, (23)
r
dy3
dr
=
1
2
Q
f
(
3− V
Γ1
+
Q
f
− d lnQ/f
d ln r
)
B
−1
0 W1y1 +
1
2
V
Γ1
Q
f
B
−1
0 W1y2 +
Q
f
(
1− 1
2
B
−1
0 W1Λ0
)
y3 +
1
2
B
−1
0 Λ1y4, (24)
r
dy4
dr
=
Q
f
(
1+
1
2
R
f
B
−1
1 W0
)
W1y1 + 2piV
p
f2
B
−1
1 Λ0y2 +
[
2
(
1+
1
2
R
f
B
−1
1 W0
)
B0 − 2piV p
f2
c1ω¯
2
B
−1
1 Λ0
]
y3
−d ln rf
d ln r
y4, (25)
and for the toroidal components it and ibT
r
dit
dr
= −Q
f
(
1
2
B
−1
1 Λ0C0 − 1
)
it+
1
2
B
−1
1 Λ0ib
T , (26)
r
dibT
dr
= −2piV p
f2
c1ω¯
2
B
−1
0 Λ1it −
(
1
2
Q
f
B
−1
0 W1Λ0 +
d ln fr
d ln r
1
)
ibT , (27)
where
ω¯ =
ω
σ0
, σ0 =
√
GM
R3
, V = −d ln p
d ln r
, U =
d lnMr
d ln r
, c1 =
(r/R)3
Mr/M
, (28)
Q = −1
r
d(r2f)
dr
, R = −r2
(
d2f
dr2
+
4
r
df
dr
)
, (29)
and 1 denotes the identity matrix, and the matrices B0, B1, W0, and W1 are defined as
B0 = Q1Λ0 + C1, B1 = Q0Λ1 + C0, W0 = 2Q0 + C0, W1 = 2Q1 + C1, (30)
and the definition of the matrices Q0, Q1, C0, C1, Λ0, and Λ1 is given in Yoshida & Lee (2000). It is important to note
that since the expansion coefficient Hl1 = H0, for example, vanishes identically for even modes, we take Hl2 to Hljmax+1 as
dependent variables and hence we have to redefine the matrices given above accordingly (see, e.g., Lee 2008). To simplify the
set of differential equations for the spheroidal components we have used
b
S =
Q
f
W1y1 + 2B0y3, (31)
which comes from the radial component of the induction equation (10), and
r
dbS
dr
=
Q
f
b
S + Λ1y4, (32)
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Table 1. Normalized eigenfrequency ω¯ of the magnetic modes of polytropes of the indices n = 0.5, 1, and 1.5 for γ = 0.
even odd
n = 0.5 n = 1 n = 1.5 n = 0.5 n = 1 n = 1.5
BS = 10
14G
0.001154 0.001425 0.001833 0.0005510 0.0007268 0.001006
0.001134 0.001401 · · · 0.0005001 0.0006937 0.0009860
· · · · · · · · · 0.0004848 0.0006794 · · ·
BS = 10
15G
0.01154 0.01425 0.01835 0.005510 0.007268 0.01001
0.01134 0.01400 0.01816 0.005001 0.006939 0.009878
· · · · · · · · · 0.004851 0.006831 0.009756
BS = 10
16G
0.1153 0.1422 0.1828 0.05502 0.07253 0.1003
0.1134 0.1405 0.1809 0.04993 0.06924 0.09864
0.1122 · · · · · · 0.04845 0.06841 0.09744
which comes from ∇ ·B′ = 0. As shown by equations (22) to (27), for axisymmetric modes of m = 0 the sets of differential
equations for the spheroidal and toroidal components are decoupled from each other (see, e.g., Lee 2007).
In this paper, we discuss axisymmetric (m = 0) spheroidal modes of neutron stars magnetized by a poloidal magnetic
field. We solve the set of linear ordinary differential equations from (22) to (25), using a relaxation method, as an eigenvalue
problem of the frequency ω, applying boundary conditions at the center and the surface of the star. The inner boundary
conditions we use are the regularity conditions for the perturbations ξ, B′, and p′ at the stellar centre. The outer boundary
conditions are δp = 0 and bS + L+bH = 0 at the surface of the star where δ indicates the Lagrangian perturbation and
(L+)ij = (l
′
j + 1)δij . See Asai, Lee, & Yoshida (2016) for the details of the surface boundary conditions.
3 NUMERICAL RESULTS
We use polytropes of the indices n = 0.5, 1, and 1.5 as equilibrium models for modal analyses, where the mass M = 1.4M⊙
and the radius R = 106cm are assumed. For a given field strength BS ≡ µb/R3 and a given expansion length jmax, we
find numerous solutions to the set of equations (22) to (25), and we pick up those solutions whose eigenfrequency ω and
eigenfunctions converge with increasing jmax. For a given field strength BS, we usually find only a few solutions that reach a
good convergence.
3.1 Magnetic Modes
Numerical results for axisymmetric spheroidal magnetic modes are summarized in Table 1 where the normalized eigenfrequency
ω¯ = ω/σ0 with σ0 =
√
GM/R3 is tabulated for both even and odd modes for the field strength BS = 10
14G, 1015G, and 1016G
and for γ = 0. We may convert the normalized frequency ω¯ to ν(Hz) using ν ≈ 2170 × ω¯ for M = 1.4M⊙ and R = 106cm.
The magnetic modes in the table may correspond to polar Alfve´n modes discussed by Sotani & Kokkotas (2009). Note that
only magnetic modes that attain a good convergence with increasing jmax are tabulated. As in the case of non-axisymmetric
(m 6= 0) spheroidal magnetic modes of polytropes, the frequency ω¯ of the magnetic modes decreases as the number of nodes of
the dominating eigenfunctions increases (see Asai et al 2016). From the table we find that the frequency of the magnetic modes
is in a good approximation proportional to the field strength BS , which may suggest that compressibility as the restoring
force for acoustic modes plays only a minor role for low frequency magnetic modes. We find it difficult to compute magnetic
modes for field strength BS <∼10
13G even for γ = 0. This situation is different from that for axisymmetric toroidal magnetic
modes of polytropes for poloidal magnetic fields, for which we can find toroidal magnetic modes for any values of BS (e.g.,
Lee 2008).
Figures 3 shows the wave patterns ξr(x, z) and ξθ(x, z) of axisymmetric magnetic modes of even parity for polytropes
of the indices n = 0.5, 1, and 1.5 for BS = 10
15G, where x = r sin θ and z = r cos θ, and the amplitudes in each panel
are normalized by their maximum value. The normalized frequency of the modes in the figure is ω¯ = 0.01154, 0.01425, and
0.01835 for n = 0.5, 1, and 1.5, respectively. The magnetic modes in the figure are those of highest frequency ω¯ for given n
and BS and show simplest wave patterns. For even modes, the patterns of ξr is symmetric about the equator and those of
c© 2017 RAS, MNRAS 000, 000–000
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Figure 3. Wave patterns ξr(x, z) (top panels) and ξθ(x, z) (bottom panels) of the axisymmetric even magnetic modes of polytropes of
the indices n = 0.5, 1, and 1.5, from the left to right panels, where BS = 10
15G and γ = 0 are assumed. The normalized frequency ω¯ is
0.01154, 0.01425, and 0.01835 for n = 0.5, 1, and 1.5, respectively. Note that the amplitudes of ξr(x, z) and ξθ(x, z) are normalized by
their maximum values.
ξθ antisymmetric. The amplitudes of ξr is confined to the region around the magnetic axis, and this amplitude confinement
becomes stronger as n increases. The same is true for ξθ, which show some complex structures in the region of closed magnetic
field lines (see Figure 2). This complex patterns of ξθ(x, z) in the region of closed field lines become more conspicuous as n
increases.
Figure 4 shows the wave patterns ξr(x, z) and ξθ(x, z) of the magnetic mode of even parity having the frequency ω¯ =
0.01400 for n = 1 and BS = 10
15G. Comparing to the middle panels of Figure 3, we note that the numbers of nodal lines
parallel to the magnetic axis in the patterns of ξr(x, z) has increased by one. As the number of nodal lines increases with
decreasing frequency ω¯, the patterns tend to show complex structures around and within the region of closed field lines, which
may make it difficult to compute correctly convergent magnetic modes.
Figure 5 shows the wave patterns of ξr(x, z) and ξθ(x, z) for the odd parity magnetic modes of highest frequency for
BS = 10
15G and their frequencies are ω¯ = 0.00551, 0.007268, and 0.01001 for n = 0.5, 1, and 1.5, respectively. For odd modes,
the patterns of ξr and ξθ are respectively antisymmetric and symmetric about the equator. The amplitudes are also confined
to the region along the magnetic axis and the region of closed field lines does not necessarily manifest itself conspicuously.
Comparing Figures 3 and 5, we find that the wave patterns ξr and ξθ of the odd magnetic modes of highest frequency are
much less complicated than those of the even magnetic modes of highest frequency.
We have examined the response of the frequency ω¯ of the magnetic modes to buoyancy by increasing |γ| from γ = 0
for γ < 0 and we find the behavior of the frequency with increasing |γ| is the same as that found by Asai et al (2016) for
non-axisymmetric spheroidal magnetic modes. Note that we find no unstable magnetic modes for axisymmetric spheroidal
oscillations.
c© 2017 RAS, MNRAS 000, 000–000
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Figure 4. Wave patterns ξr(x, z) (left panel) and ξθ(x, z) (right panel) of the axisymmetric even magnetic modes ω¯ = 0.01400 of the
n = 1 polytropes for BS = 10
15G and γ = 0. The amplitudes are normalized by their maximum values.
Figure 5. Same as Figure 3 but for the magnetic modes of odd parity. The eigenfrequency ω¯ is 0.005510, 0.007268, and 0.01001 for
n = 0.5, 1, and 1.5, respectively.
c© 2017 RAS, MNRAS 000, 000–000
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Figure 6. Expansion coefficients Sl1 (solid line) and x
2p′
l1
/ρgr (dashed line) versus x = r/R for the modes corresponding to the radial
fundamental (left panel) and first harmonic (right panel) modes of the n = 1 polytrope for BS = 10
14G where M = 1.4M⊙ and
R = 106cm. The amplitude normalization is given by bH
l′
1
= 1 at the surface.
Table 2. Eigenfrequency ω¯ of acoustic modes corresponding to the radial fundamental and first harmonic modes of polytropes for the
indices n = 0.5, 1, and 1.5 for γ = 0.
BS = 10
14G BS = 10
15G BS = 10
16G
n = 0.5 n = 1 n = 1.5 n = 0.5 n = 1 n = 1.5 n = 0.5 n = 1 n = 1.5
3.0982 2.5930 2.4451 3.0982 2.5930 2.4451 3.0983 2.5933 2.4456
5.4026 4.3937 4.0237 5.4026 4.3937 4.0238 5.4036 4.3967 4.0310
3.2 Modes Corresponding to Radial Acoustic Modes
Using the Alfve´n velocity given by vA = BS/
√
4piρc with ρc being the mass density at the stellar centre, we may define the
lower limit to the frequency of Alfve´n modes as ωLL ≡ pivA/R with R being the radius of the star. For BS = 1015G, we have
ω¯LL = 1.86 × 10−3, 1.39 × 10−3, and 1.03 × 10−3 for the polytropes of n = 0.5, 1, and 1.5, respectively. These small values
of ω¯LL suggest that Alfve´n waves have very short wavelengths in the frequency region ω¯ >∼1 of acoustic modes, which makes
it difficult to numerically correctly calculate acoustic modes that are coupled with very short Alfve´n waves. Interestingly,
however, we find a few acoustic modes corresponding to the radial (l = 0) fundamental and first harmonic modes of ω¯ >∼1 for
magnetized stars, although we find it very difficult to obtain acoustic modes corresponding to non-radial (l 6= 0) p-modes. The
results are given in Table 2 where ω¯ is tabulated for two lowest radial order modes corresponding to the radial fundamental
and first harmonic modes of polytropes of the indices n = 0.5, 1, and 1.5 for BS = 10
14G, 1015G, and 1016G. As the table
indicates the effect of the magnetic field of strength BS <∼10
16G on the high frequency modes is quite minor. For the field
strength BS = 10
14G the frequencies ω¯ we obtain are practically those of radial pulsations obtained by ignoring the magnetic
fields. As BS increases, the frequency deviation from the radial pulsation modes increases but it is still quite small even for
BS ∼ 1016G. This deviation is found larger for larger n polytropes and for the radial first harmonic modes compared to the
radial fundamental modes. For a magnetic field as strong as BS >∼10
17G, however, it becomes difficult to find well converged
modes that correspond to the radial modes of non-magnetized stars. This is probably because the frequencies of magnetic
modes of lowest radial order become comparable to those of the radial fundamental and first harmonic modes. The expansion
coefficients Sl1 and x
2p′l1/ρgr are plotted versus x = r/R for the n = 1 polytrope for BS = 10
14G. The functions Sl1 and
x2p′l1/ρgr are almost indistinguishable from those of radial pulsation modes.
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4 CONCLUSIONS
We have computed axisymmetric spheroidal normal modes of polytropes magnetized with a poloidal magnetic field. This
paper may be regarded as an addition to a series of papers that discuss normal modes of magnetized stars (Lee 2005, 2007,
2008; Asai & Lee 2014, Asai, Lee, & Yoshida 2015, 2016). Spheroidal and toroidal modes of stars magnetized with a poloidal
field are decoupled for axisymmetric oscillations of m = 0, while they are coupled for non-axisymmetric oscillations of m 6= 0
even for a purely poloidal magnetic field (e.g., Lee 2008). In this paper, assuming axisymmetric spheroidal oscillations we
obtained magnetic modes of low frequency ω¯ ∼ ω¯LL and modes of high frequency ω¯ >∼ 1 that correspond to acoustic radial
l = 0 modes, where the frequency of the former is approximately proportional to the field strength BS and that of the latter is
almost insensitive to BS . This result may be consistent with that obtained by Sotani & Kokkotas (2009), who employed MHD
numerical simulations for small amplitude oscillations. As in the case of non-axisymmetric magnetic normal modes (Asai,
Lee, & Yoshida 2016), as the frequency of the magnetic modes decreases the wave patterns become complex having more
nodal lines in the patterns and it becomes more and more difficult to obtain well converged modes. It is also to be noted that
we could not obtain g-modes of magnetized stars for γ < 0, the result of which is the same as that by Asai et al (2016) for
non-axisymmetric spheroidal oscillations. Note also that we found no unstable magnetic modes with ω2 < 0 for axisymmetric
modes although Asai et al (2016) found unstable magnetic modes for non-axisymmetric ones (see also Lander & Jones 2011).
As suggested by Table 1, the frequencies of axisymmetric spheroidal magnetic modes computed for BS ∼ 1015G are
consistent with low frequency (∼ 30Hz) QPOs detected for SGR 1806-20 and SGR 1900+14. However, it is obvious that all
the identified QPOs for the SGRs cannot be explained in terms of spheroidal magnetic normal modes alone.
Using MHD simulations for mixed poloidal and toroidal magnetic fields, for example, Colaiuda & Kokkotas (2012)
indicated that the frequency spectra of toroidal modes will be significantly modified and lose continuum character. Since
we do not have any reliable knowledges concerning magnetic field configuration in the interior of neutron stars, it is useful
to study normal modes of magnetized stars for more general magnetic field configurations that consist of both poloidal and
toroidal fields. As a first step toward such normal mode analyses we may add a weak toroidal field component to the dominant
poloidal one in order to examine how the normal modes respond to such a weak toroidal component.
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